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The mechanism to realize the peculiar flat bands generally existing in RCo5 (R = rare earth)
compounds is clarified by analyzing the first-principles band structures and the tight-binding model.
These flat bands are constructed from the localized eigenstates, the existence of which is guaranteed
by the destructive interference of the intersite hopping among the Co-3d states at the Kagome´ sites
and those between the Kagome´ and honeycomb sites. Their relative positions to other bands can
be controlled by varying the lattice parameters keeping their dispersion almost flat, which suggests
the possibility of flat-band engineering.
PACS numbers: 71.10.-w, 71.20.-b, 61.50.Ah, 75.50.Vv
I. INTRODUCTION
The nature of flat bands has been attracting much at-
tention from a variety of view points. Ferromagnetism
originating from the flat band has been intensively stud-
ied in some model systems1–6. The nearly flat band with
a non-zero Chern number offers a unique playground of
the fractional quantum Hall effect7–10. An extremely
large effective mass for the flat band affects the transport
properties of solids and results in various unconventional
phenomena such as the inverse Anderson transition11. A
sharp peak of the density of states (DOS) owing to par-
tially flat dispersion is preferable for the thermoelectric
devices to enhance their thermopower12–15.
Owing to these various intriguing aspects, seeking flat
bands in real materials is of significant importance for
materials design. One example of experimental realiza-
tion of a flat band was reported for Cu(1,3-bcc)16,17,
which can be described by a single-orbital model on
the Kagome´ lattice. Another example is the tetragonal
cuprate La4Ba2Cu2O10
6,18,19, in which electronic states
for a flat band play a central role in determining its mag-
netic order20. Also other materials have been reported
to possess flat bands21–25.
Recently, the intermetallic ferromagnet YCo5
[Figs. 1(a) and 1(b)], which is known for its large
magnetic anisotropy, was pointed out to have peculiar
flat bands26,27. It was found that the system experiences
the first-order Lifshitz transition28 and exhibits an un-
usual isomorphic lattice collapse with a sudden change
of the magnetic moment when the Fermi level crosses
the flat band [along the Γ–M–K–Γ line in Fig. 1(c)] by
applying pressure. This flat band is observed in the
whole kz = 0 plane and consists of Co-3dxz and 3dyz
states27. Similar flat bands were found in other RCo5
(R=rare earth) compounds such as LaCo5
27, SmCo5
29,
and also CePt5
30, which has the same CaCu5-type
structure. However, the mechanism to realize such
ubiquitous flat bands has not been clarified yet.
In this paper, we reveal the origin of the flat bands
in RCo5 compounds and attribute their existence to the
localized eigenstates realized by the destructive interfer-
ence2–6 of the inter-site hopping among Co-3d orbitals
on the Kagome´-honeycomb stacked structure. These flat
bands are affected very little by varying the lattice pa-
rameters while their relative positions to the other bands
are altered. Such robustness and controllability of the
flat bands are crucial for the system to exhibit the first-
order Lifshitz transition where the flat dispersion should
be retained under pressure. Our mechanism can be ap-
plied also to other CaCu5-type structures with d orbitals
on Cu sites. In this sense, this study demonstrates a
general mechanism behind the flat dispersion for a wide
range of materials.
II. COMPUTATIONAL DETAILS
First-principles band structure calculations in this pa-
per were performed using the wien2k code31. We
used the Perdew-Wang local-spin-density approxima-
tion32 and the full-potential linearized augmented plane-
wave method. For simplicity, we do not include the spin-
orbit coupling throughout this paper because it affects
very little the flat bands. Experimental lattice param-
eters (a = 9.313 a.u. and c/a = 0.806) are taken from
Ref. [33]. The muffin-tin radii for Co and Y atoms, rCo
and rY, were set to 2.34 and 2.07 a.u., respectively. The
maximummodulus for the reciprocal lattice vectorsKmax
was chosen so that rYKmax = 9.00.
2FIG. 1: (Color online) (a) Crystal structure of YCo5 and (b)
its top view drawn using the VESTA software36 . Its first-
principles band structures for the (c) majority and (d) minor-
ity spins. (e) Spin-unpolarized band structures obtained from
the first-principles (solid black line) and the tight-binding-
model (broken red line) calculations where the Fermi level of
the latter is adjusted to have the flat band along the Γ–A line
placed in the same position as that in the former.
III. ANALYSIS ON A TIGHT-BINDING MODEL
A. Construction of the model
As was pointed out in Ref. [27], the flat bands in YCo5
exist (i) on the kx = ky = 0 line and (ii) in the kz = 0
plane [see the flat bands along the Γ–A and the Γ–M–
K–Γ lines, respectively, in Fig. 1(c)–(e)]. To analyze the
origin of these flat bands, we constructed a tight-binding
model consisting of Co-3d states with all possible hop-
ping paths taken into account. Twenty-five maximally
localized Wannier functions34,35 were constructed from
the Kohn-Sham states within the energy window [−4.5,
+1.5] eV on a 6×6×6 k mesh, where the energy is mea-
sured from the Fermi level. We neglected Co-4s and Y
states because they were found to have no weight on these
flat bands in our first-principles band structure calcula-
tions. To construct the tight-binding model, we employed
spin-unpolarized calculations because the flat bands also
appear there and our story does not depend on whether
the spin is polarized or unpolarized. In Fig. 1(e), we
can see that our tight-binding model reproduces the first-
principles band structure well.
B. General discussion for the localized eigenstate
The Bloch states ψk(r) (k: the crystal wave vec-
tors) for the flat band are constructed as ψk(r) =∑
R
eik·Rφ(r − R) where R runs all the lattice vectors
and φ(r) is the localized eigenstate2–6. To treat the flat
bands in the subspace of the Brillouin zone, we instead
consider
∑
R∈S e
ik·Rϕ(r−R) for a subspace S and ϕ(r)
localized only for the directions included in S. This sum-
mation yields the Bloch states only when ϕ(r) period-
ically extends in S⊥ with the same periodicity as the
crystal. For example, for the kx = ky = 0 flat band,
S = {(0, 0, Rz)|Rz ∈ R} and the Bloch states are ob-
tained as
∑
Rz
eikzRzϕ(r − R) where ϕ(r) is localized
only for the z direction and periodically extends to the
x and y directions. We shall focus on showing the exis-
tence of such localized eigenstate, which guarantees the
flat band dispersion. Localized eigenstates were obtained
by Fourier transform (in the restricted subspace) of the
Bloch states in our tight-binding model.
C. Localized eigenstate for the kx = ky = 0 flat band
Figure 2(a) presents a schematic picture of the local-
ized eigenstate ϕ(r) for the kx = ky = 0 flat band.
This state consists of Co-3dxy and 3dx2−y2 states, pe-
riodically extends to the x and y directions, and is con-
fined in one Kagome´ plane. This state is the exact local-
ized eigenstate of our tight-binding Hamiltonian Hˆ when
neglecting second or higher-order nearest neighbor hop-
pings37 for the following reason: ϕ(r) belongs to the ir-
reducible representation A2 of the symmetry group C3v,
which is generated by the reflection and rotation shown
in Fig. 2(b) [i.e. ϕ(r) is antisymmetric for reflection and
symmetric for rotation]. No s, p, or d orbital on the
honeycomb sites located on the rotational axis belongs
to the same representation. Thus the hopping integrals
〈ϕatom|Hˆ |ϕ〉 for all the atomic orbitals ϕatom(r) on the
honeycomb sites vanish. In addition, the atomic orbitals
not included in ϕ(r) (e.g. dxz and dyz) on the Kagome´
plane are also decoupled from ϕ(r) by considering the
antisymmetry of ϕ(r) with respect to two reflections on
each site shown in Fig. 2(c). Along with such decoupling
of the wave function, it is also necessary to prove that
ϕ(r) is an eigenstate of the Hamiltonian. Note that any
succession of C3 rotations shown in Fig. 2(b) with differ-
ent axes does not change ϕ(r) and Hˆ at all, which means
Hˆϕ(r) also satisfies this invariance. Because arbitrary
two sites of the Kagome´ plane relate by such transfor-
mation, all the sites should have the same orbital weight
in Hˆϕ(r). Thus Hˆϕ(r) should be proportional to ϕ(r).
Here all symmetries that ϕ(r) satisfies should be also sat-
isfied in Hˆϕ(r), which guarantees the decoupling between
Hˆϕ(r) and the atomic orbitals not included in ϕ(r). Be-
cause the above discussion is solely based on symmetry,
this flat band is ubiquitous in materials with the same
structure having d orbitals on the Kagome´ sites38,39. The
same story also holds for the system where p orbitals exist
on the honeycomb sites such as YCr6Ge6
39.
3FIG. 2: (Color online) (a) Schematic picture of the localized
eigenstate for the kx = ky = 0 flat band. (b) Reflection
and C3 rotation, which generate the C3v group. (c) Two
reflections on each Kagome´ site.
D. Localized eigenstate for the kz = 0 flat band
Figure 3(a) presents a schematic picture of the local-
ized eigenstate with a damping tail40 for the kz = 0 flat
band. This state consists of Co-3dxz and 3dyz states
27
both on Kagome´ and honeycomb planes, and periodi-
cally extends to the z direction with period c defined in
Fig. 1(a). Atomic orbitals except 3dxz and 3dyz states
are not involved owing to the mirror symmetry with re-
spect to the xy-plane where each orbital is placed. The
destructive interference shown in Fig. 3(b) is the origin of
an interesting step-by-step damping of the orbital weights
in Fig. 3(a). The relative weights of the large, middle,
and small orbitals in Fig. 3(a) are about 31 : 4 : 1 in our
calculation. The fact that cancellation is not required to
be perfect makes the localization insensitive to the val-
ues of the tight-binding parameters. We observed that,
as shown in Fig. 3(c), the net hopping to the atomic or-
bital depicted in the center of this figure vanishes, and
then this orbital is not involved with the localized eigen-
state. Thanks to this fact and symmetry of the localized
eigenstate ϕ(r), the atomic orbitals ϕatom(r) except those
depicted in Fig. 3(a) satisfy 〈ϕatom|Hˆ |ϕ〉 = 0.
Owing to the complexity of Fig. 3(a), it is difficult
to prove exactly the existence of the localized eigen-
state. Thus we shall instead show the existence of the
exponentially decaying eigenstate in a simplified situ-
ation as depicted in Fig. 4(a), which is expected to
mimic ϕ(r) far from its center. To begin with, we de-
fine some variables. Each site on the lattice is specified
as i = (mi, nXi, nY i) with nXi and nY i denoting the
unit cells and mi (= 1, 2, 3, 4, 5) the sites inside the cell
as shown in Fig. 4(a). Since we treat the kz = 0 states,
each atomic orbital here is defined as an infinite sum
over the z direction with the same phase, and our prob-
lem is converted to that on the two-dimensional lattice.
In other words, we move on to the subspace spanned by
the periodic functions to the z direction with period c.
We consider only dxz and dyz states thanks to the mir-
ror symmetry described before, and so each site has two
orbital degrees of freedom. We define an orbital index
P = 1 for the orbitals depicted in the (nX , nY ) cell of
Fig. 4(a) and P = 2 for those rotated 90 degrees coun-
terclockwise in the xy-plane. For example, the creation
FIG. 3: (Color online) (a) Schematic picture of the localized
eigenstate for the kz = 0 flat band. The signs of all the or-
bitals at the middle between the Kagome´ and the honeycomb
planes are shown. The sizes of the orbitals are depicted just
schematically and the same sizes only mean similar weights.
Shaded background is a guide to the eye. Panels (b) and (c)
show two characteristic interference processes to realize the
localization where a different color of an arrow means a dif-
ferent sign of the hopping amplitude. (d) Linear combination
of the localized states in the honeycomb lattice41.
FIG. 4: (Color online) (a) Exponentially decaying eigenstate
with the definition of the site indices and the hopping ampli-
tudes tl (l = 1, 2, 3, 4). (b) Hopping amplitudes for Fig. 3(c).
operator for the orbital depicted in the center of Fig. 4(b)
is cˆ2†(5,nX ,nY ). For simplicity, we omit the spin index. The
Hamiltonian is
Hˆ =
∑
i,P
ǫPi cˆ
P†
i cˆ
P
j +
∑
〈ij〉,P,Q
(
tPQij cˆ
P†
i cˆ
Q
j +H.c.
)
, (1)
where i and j denote the site indices, P and Q the or-
bital indices, and 〈...〉 means a nearest-neighbor Co(3g)-
Co(3g) or Co(3g)-Co(2c) pair. Here we neglect other
distant hopping processes. Using the symmetry of the
crystal, we can express all the hopping amplitudes t with
only four parameters tl (l = 1, 2, 3, 4) defined in Fig. 4(a).
Some examples are shown in Fig. 4(b). The weight of the
atomic orbital P on the site (mi, nXi, nY i) for the eigen-
state of our Hamiltonian is denoted as xP(mi,nXi,nY i).
4We shall prove the existence of the eigenstate that
satisfies, for all (mi, nXi, nY i), (i) x
P
(mi,nXi,nY i)
=
αnXixP(mi,0,0) (P = 1, 2) for some complex value α and
(ii) x2(mi,nXi,nY i) = 0. Such exponentially decaying eigen-
state as depicted in Fig. 4(a) is considered to guarantee a
decay of the localized eigenstate as presented in Fig. 3(a)
in the region far from the center of the localized eigen-
state in an approximate sense. As long as |α| 6= 1, we can
obtain a decaying eigenstate to the right or left direction.
Because the Hamiltonian and the translational opera-
tors to the X and Y directions with the same range as
the unit cell commute, we can immediately obtain the
simultaneous eigenstate of these three operators, which
satisfies (i) xP(mi,nXi,nY i) = α
nXixP(mi,0,0) where the eigen-
values of the translational operator to the X and Y direc-
tions are α and 1, respectively. This is the Bloch’s theo-
rem for the case where the periodic boundary condition
is not imposed. Hereafter, we denote xmi ≡ x
1
(mi,nXi,nY i)
for simplicity.
The following two conditions suffice to realize (ii)
x2(mi,nXi,nY i) = 0:
x3 = x5, (2)
−(1 + α)t1x1 +
t3
2
(x2 + x4) + 2t4x3 = 0. (3)
because the hopping integral between the eigenstate and
the P = 2 orbital on each site becomes exactly zero by
these conditions. In particular, Eq. (3) corresponds to
the interference of the hopping processes as shown in
Fig. 3(c) [see Fig. 4(b) for the hopping parameters].
The eigenvalue equation for the Hamiltonian is
ǫk1x1 + t3x2 + 2(1 + α
−1)t4x3 + α
−1t3x4 = λx1,
(4)
t3x1 + ǫhx2 + 2t2x3 = λx2,
(5)
2(1 + α)t4x1 + 2t2x2 + (ǫk3 + 2t1)x3 + 2t2x4 = λx3,
(6)
αt3x1 + 2t2x3 + ǫhx4 = λx4,
(7)
where λ is the eigenenergy and the onsite energies are
denoted as ǫh ≡ ǫ
1
(2,nX ,nY )
= ǫ1(4,nX ,nY ), ǫk1 ≡ ǫ
1
(1,nX ,nY )
,
and ǫk2 ≡ ǫ
1
(3,nX ,nY )
= ǫ1(5,nX ,nY ). The left-hand sides of
these equations are the orbital weights on mi = 1, 2, 3, 4
sites of the eigenstate applied by the Hamiltonian. Equa-
tions (3), (5), and (6) yield
α = −1 +
1
t1x1
[
t3
2
(x2 + x4) + 2t4x3
]
, (8)
x1 = −
ǫh − λ
t3
x2 −
2t2
t3
x3, (9)
x2 = −
(ǫk3 + 2t1 − λ)t1 + 4t
2
4
2t1t2 + t3t4
x3 − x4. (10)
By substituting Eqs. (8)–(10) into Eq. (7), we obtain
2
(
2t2 +
t3t4
t1
)2
−
(
ǫh +
t23
2t1
− λ
)(
ǫk3 + 2t1 + 4
t24
t1
− λ
)
= 0, (11)
which determines λ as a function of the tight-binding
parameters. By substituting this and Eqs. (8)–(10) into
Eq. (4), we obtain a quadratic equation for x4. Because
it is a quadratic equation, it always has solution(s). This
proof is valid for arbitrary values of the tight-binding pa-
rameters. Essentially, a degree of freedom for α allows
the eigenstate to satisfy the condition, Eq. (3).
Beyond our simplification, the nearest-neighbor
Co(2c)-Co(2c) hopping except the δ-bonding contribu-
tion, (ddδ) in the Slater-Koster parametrization42, can
be easily taken into consideration and does not affect
our conclusion because it just shifts the onsite energy of
the honeycomb sites for the following reason. As shown
in Fig. 3(d), orbital weights on the honeycomb planes for
ϕ(r) can be constructed as the linear combination of the
localized eigenstates in the honeycomb lattice41. Thus
applying a part of our Hamiltonian, that is, the onsite
terms for the honeycomb sites and the inter-honeycomb
hopping terms, to ϕ(r) just leads to the multiplication
by the eigenvalue of the localized eigenstate of the honey-
comb lattice. This means that one can take these hopping
terms into account only by replacing the onsite energy of
the honeycomb sites with the eigenvalue of the localized
eigenstate of the honeycomb lattice. Neglected (ddδ) and
other distant hopping processes have minor effects on our
analysis because they have smaller amplitudes than the
hopping processes taken into consideration here. Actu-
ally we observed that the localized state shows some tilt-
ing of the outer small-weighted orbitals compared with
our schematic picture in Fig. 3(a), which can be ascribed
to such hopping processes and a simplified shape of the
analyzed damping state in Fig. 4(a) from the real con-
centric damping of the localized eigenstate in Fig. 3(a).
IV. FIRST-PRINCIPLES BAND STRUCTURES
WITH DIFFERENT LATTICE PARAMETERS
Figure 5 presents the band structures of YCo5 with
lattice parameters (a) increased or (b) decreased by 10%
isotropically, and those with only the c axis (c) increased
or (d) decreased by 10%. Although similar investigation
using a small variation such as about 1% for c/a was
performed in previous studies26,27, it is surprising that
the flat dispersion is almost completely retained by such
large variation of the lattice parameters. The relative
positions of the flat bands to the other bands and the
Fermi level are different among these figures and thus
are controllable by varying the lattice parameters. Ro-
bustness presented here is consistent with the fact that
other RCo5 compounds
27,29 and also CePt5
30, which has
5FIG. 5: The YCo5 band structures of the majority spin with
lattice parameters (a) increased or (b) decreased by 10%
isotropically, and those with only the c axis (c) increased or
(d) decreased by 10%.
the same CaCu5-type structure, were reported to have
the same flat bands.
V. SUMMARY
In summary, we found that the realization of the flat
bands in RCo5 compounds can be attributed to the exis-
tence of the localized eigenstate defined in particular di-
rections. Because the localized eigenstate for the kz = 0
flat band has an overlap with the neighboring localized
eigenstate (i.e., that translated with respect to the x and
y directions), the existence of the kz = 0 flat band can
contribute to the in-plane ferromagnetic correlation1–6.
It is also interesting that the non-trivial destructive in-
terference is observed on the structure of the Kagome´-
honeycomb network that can be constructed as a line
graph2,3 of the hexagonal prism. Their flat dispersion is
very robust against the variation of the lattice param-
eters whereas their relative position to the other bands
and the Fermi level can be controlled by it, which offers
the possibility of flat-band engineering.
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